Abstract. The modularity of the partition generating function has many important consequences, for example asymptotics and congruences for p(n). In a series of papers the author and Ono connected the rank, a partition statistic introduced by Dyson, to weak Maass forms, a new class of functions which are related to modular forms. Here we place the 2-marked Durfee symbols introduced by Andrews [1] into the framework of weak Maass forms. To do this we construct a new class of functions which we call quasiweak Maass forms because they have quasimodular forms as components. As an application we prove two conjectures of Andrews.
Introduction and Statement of Results
A partition of a nonnegative integer n is a non-increasing sequence of positive integers whose sum is n. Let p(n) denote the number of partitions of n. We have the generating function P (q) = P (z) := If n is a positive integer, then Rademacher showed that (1.2) p(n) = 2π
(24n − 1)
In particular, (1.2) implies that
as n → ∞. The partition function also has nice congruence properties. For example, by Ramanujan we have that p(5n + 4) ≡ 0 (mod 5), p(7n + 5) ≡ 0 (mod 7), p(11n + 6) ≡ 0 (mod 11) for every n ≥ 0 and Ono [20] showed that for any prime ℓ ≥ 5 there exist infinitely many non-nested arithmetic progressions of the form An + B such that p(An + B) ≡ 0 (mod ℓ).
In this paper we also consider asymptotics and congruences for certain partition statistics.
To explain the Ramanujan congruences with modulus 5 and 7, Dyson [17] introduced the rank of a partition, which is defined to be its largest part minus the number of its parts. Dyson conjectured that the partitions of 5n + 4 (resp. 7n + 5) form 5 (resp. 7) groups of equal size when sorted by their ranks modulo 5 (resp. 7), and this conjecture was proven by Atkin and Swinnerton-Dyer [7] . If N (m, n) denotes the number of partitions of n with rank equal to m, then we have the generating function R(w; q) := 1 + The function f (q) is one of the so-called mock theta functions. Ramanujan listed 17 such functions in his last letter to Hardy and gave two more in his "Lost Notebook" [21] , while Watson [24] defined three further functions. Surprisingly, much remains unknown about these series. For example, Ramanujan's claims about their analytic properties remain open, and there is even debate concerning the rigorous definition of such a function. Despite these issues, Ramanujan's mock theta functions have been shown to possess many striking properties, and they have been the subject of an astonishing number of important works (for example, see [1, 2, 5, 14, 15, 16, 18, 25] ). Much of this activity was foreshadowed by Dyson: "The mock theta-functions give us tantalizing hints of a grand synthesis still to be discovered. Somehow it should be possible to build them into a coherent group-theoretical structure, analogous to the structure of modular forms which Hecke built around the old theta-functions of Jacobi. This remains a challenge for the future."
Freeman Dyson, 1987 Ramanujan Centenary Conference
Building on important work of Zwegers [25] the author and Ono ( [11, 12] ) solved Dyson's "challenge for the future" by placing the rank generating functions, and thus the mock theta function f (q), in the context of weak Maass forms (see Section 6) . This has found many applications, for example an exact formula for the coefficients of f (q) [11] , asymptotics for N (m, n) [8] , and identities for rank differences [13] . Moreover we obtain congruences for N (s, t; n) [12] , the number of partitions of n with rank congruent to s modulo t, which give a combinatorial decomposition of congruences for p(n).
Here we consider an interesting partition statistic introduced by Andrews [3] . Define the symmetrized second moment function
Andrews showed that this function enumerates the 2-marked Durfee symbols (see Section 2). We have the generating function
The analysis of this function is much more complicated than for the mock theta function f (q). For example the summation goes over Z \ {0}, meaning Poisson summation cannot immediately be applied, and moreover the function R 2 (q) has poles of order higher than one. In this paper, we prove that the function R 2 (q) gives rise to a weak Maass form of weight 3 2 whose holomorphic part involves the weight 2 Eisenstein series. To state this result define
where as usual
The function E 2 (z) is "nearly modular", and in particular satisfies E 2 (z + 1) = E 2 (z) and Two remarks. 1) Since R(z) is, up to quasimodular forms, the holomorphic part of a weak Maass form, we refer to R 2 (q) as a quasimock theta function.
2) The function R 2 (q) is also crucial for understanding k-marked Durfee symbols for k > 2 (see [3] for the definition). In upcoming work Mahlburg and the author show [10] that modularity properties of the generating functions R k (q) can be concluded from modularity properties of R(q) and R 2 (q), and that these functions give rise to a new class of functions which we call quasiweak Maass forms.
The fact that M(z) is a weak Maass form has some nice applications. Here we address two of them: congruences and asymptotics. These were formulated by Andrews as open problems (problems 11 and 13 page 39 of [3] ). Theorem 1.2. We have
In particular the k = 1 term gives the main term in the asymptotics expansion.
We next turn to congruences. As in the case of partitions one can associate certain ranks to 2-marked Durfee symbols, which we will describe in Section 2. Let N F 2 (r, t; n) denote the number of 2-marked Durfee symbols with (full) rank congruent to r modulo t. Theorem 1.4. Let t > 3 be an integer, j ∈ N, and Q ∤ 6t a prime. Then there exist infinitely many arithmetic progessions An + B such that for every 0 ≤ r < t, we have
Remark. With similar methods as in [9] , one could also obtain congruences for t = Q ℓ with ℓ ∈ N.
Theorem 1.4 can be viewed as yielding congruences for η 2 (n) as well as a combinatorial decomposition of these congruences. Corollary 1.5. Let j be a positive integer and Q > 3 a prime. Then there exist infinitely many arithmetic progessions An + B such that
From Theorem 1.2 and Corollary 1.5 one can obtain congruences and asymptotics for an interesting new statistic introduced by Andrews [4] . Let spt(n) be the total number of appearances of smallest parts in each integer partition of n. Andrews showed that
Since congruences and asymptotics are known for p(n), we also obtain congruences and asymptotics for spt(n). We do not address this topic further here.
We next consider odd moments
where N o (m, n) is the number of partitions related to an odd Durfee symbol with odd rank m (for the definition of odd ranks and odd Durfee symbols see Section 2). We have
Defining the sum of Kloosterman type
(1−4n)
we find the following asymptotic expansion for η o 2 (n).
The paper is organized as follows. In Section 2 we recall the connection between higher moments and marked Durfee symbols. In Section 3 we prove a transformation law for R 2 (q). This function is more complicated than the usual rank generating function since the summation goes over Z \ {0}, thus Poisson summation cannot immediately be applied. Moreover it has poles of order higher than 1. To overcome those problems, we introduce in Section 3 a function R 2 (q; w) of an extra parameter w such that R 2 (q) = L(R 2 (q; w)) for a certain differential operator L. We first prove a transformation law for R 2 (q; w), and then apply L. Here a careful analysis is required since we introduce summands which have poles when w = 1, and it is because of these terms that quasimodular forms show up. In Section 4 we realize the error integral that arises as an integral of theta functions and prove Theorem 1.2. As an application we then prove asymptotics in Section 5 and congruences in Section 6. In Sections 7 and 8 we consider odd rank generating functions.
Acknowledgements
To be added later 2. Some combinatorial results on 2-marked Durfee symbols
Here we recall some results on 2-marked Durfee symbols and their connection to rank moments [3] . Recall that the largest square of nodes in the Ferrers graph of a partition is called the Durfee square. The Durfee symbol consists of 2 rows and a subscript, where the top row consists of the columns to the right of the Durfee square, the bottom row consists of the rows below the Durfee square, and the subscript denotes the side length of the Durfee square. The number being partitioned is equal to the sum of the rows of the symbol plus the number of nodes in the Durfee square. For example the Durfee symbol 2 3 1 4 represents a partition of 2 + 3 + 1 + 4 2 = 22. To define 2-marked Durfee symbols one requires two copies of the positive integers denoted by {1 1 , 2 1 , · · · } and {1 2 , 2 2 , · · · }. We form Durfee symbols as before and use the two copies of the positive integers for parts in both rows. We additionally demand that the following conditions are met:
(1) The sequence of parts and the sequence of subscripts in each row are non-increasing. , where S is the side of the Durfee symbol. We denote by D 2 (n) the number of 2-marked Durfee symbols arising from partions of n. In [3] it is shown that
As in the case of partitions one can associate ranks to 2-marked Durfee symbols [3] . For a 2-marked Durfee symbol δ we define the full rank F R(δ) by
where
Here τ i (δ) (resp. β i (δ)) denotes the number of entries in the top (resp. bottom) row of δ with subscript i. We let N F 2 (m, n) denote the number of 2-marked Durfee symbols related to n with full rank m and N F 2 (r, t; n) the number of 2-marked Durfee symbols related to n with full rank congruent to r modulo t. Let
In particular we have
Moreover if w 3 = 1, then
In the later Therefore in this case properties of R 2 , like congruences of asymptotics, can be concluded from properties of the usual rank generating function R using work of the author and Ono. We next consider odd Durfee symbols. A partition into pairs of consecutive integers (excepting one instance of the largest part) has associated to it the odd Durfee symbol
with the a ′ s and b ′ s being odd numbers ≤ 2n+1, and the number being partitioned is 2n 2 +2n+1+
The odd rank of an odd Durfee symbol is defined as the number of entries in the top minus the number of entries in the bottom row. We denote by N o (m, n) the number of partitions related to an odd Durfee symbol with odd rank m. We have the generating function
The definition of an odd 2-marked Durfee symbol is almost the same as for a 2-marked Durfee symbol. The only changes are:
(1) All entries in the symbol are odd numbers. (2) The subscribing rules are the same but instead of adding n 2 to the sum when the Durfee symbol is of side n we now add 2n
Due to problems mentioned in the introduction we cannot show a transformation law for R 2 (q) directly but we introduce a function of an additional variable w that is related to R 2 (q). For this purpose, define for w ∈ C with Re(w) sufficiently small
where q := e 2πiτ . Defining the operator L for a function g that is differentiable in a neighborhood of 0,
we can connect the function R 2 (q; w) to R 2 (q)
We prove a transformation law for R 2 (q; w) from which we conclude a transformation law for R 2 (q) by applying L. For this let
Moreover for an integer ν and z ∈ C with Re(z) > 0, define
Theorem 3.1. For coprime integers h and k with k > 0, let q := e 2πi k (h+iz) and
, where for k odd we let h ′ be an even solution of hh ′ ≡ −1 (mod k), and for even k we let h ′ be defined by
Proof. We modify the method used in [1] and [8] . Via analytic continuation it is enough to prove the theorem for w ∈ C with Re(w) = 0 sufficiently small and z > 0 real. For those w, the function
is a holomorphic function of z. Writing n = ν + km with m ∈ Z and ν running modulo k, we obtain
Poisson summation gives that the inner sum equals
where for the last equality we made the change of variables x → ν + kx. Inserting this into (3.2), and changing in the sum over n ≤ −1, n → −n − 1, x → −x, and ν → −ν, gives
Next write
Using that the function
is an entire function, we see that the only possible poles of the integrand lie in points
Moreover for a fixed m this leads at most to a pole if hν ≡ m (mod k), and we may choose
Using the residue theorem we shift the path of integration through
For this we have to take those x ± m into account for which n ≥ 3m ≥ 1 2 (1 ∓ 1). We denote the associated residues of each summand by λ ± n,m . Then
We first consider 1 . We have
Using this one can prove that
We next turn to 2 . With the same argument as before, we change the sum over n ∈ N 0 back into a sum over all n ∈ Z. Substituting x → x + ω n and writing n = 3p + δ with p ∈ Z and δ ∈ {0, ±1} gives
Changing ν into −h ′ (ν + p), a lengthy calculation gives
Now the integral is independent of p and the sum over p equals 
From this the theorem follows using
From Theorem 3.1 we conclude the desired transformation law for R 2 (q).
Corollary 3.2. We have
Proof. One can show that
since the mth and −mth term cancel. Now the corollary follows from Theorem 3.1.
Proof of Theorem 1.1
In this section we prove that M(z) is a weak Maass form. If k ∈ 1 2 Z \ Z, z = x + iy with x, y ∈ R, then the weight k hyperbolic Laplacian is given by
Moreover we let χ be a Dirichlet character. A (harmonic) weak Maass form of weight k with Nebentypus χ on a subgroup Γ ⊂ Γ 0 (4) is any smooth function g : H → C satisfying the following:
(1) For all A = a b c d ∈ Γ and all z ∈ H, we have
(2) We have that ∆ k g = 0.
(3) The function g(z) has at most linear exponential growth at all the cusps of Γ.
Theorem 3.1 implies
Corollary 4.1. We have
−3πiw 2 z−πiw+πiwz R 2 (z; wz) − (−iz)
Now let
We show that L (I + (z; w) + I − (z; w)) can be written as a certain Mordell type integral.
Lemma 4.2. We have
Proof. Via analytic continuation it is enough to show the claim for z = it. The substitution x → −
Strictely speaking the right hand side of (4.4) is not absolutely convergent, but we can enforce absolute convergence by introducing extra summands as in [25] , which enables us to do the necessary interchanges of summation, integration, and differentiation. In the end those summands cancel. This gives
It is not hard to see that
2 .
For s = 0 we have the identity
du. 
We next study the transformation law of the non-holomorphic part of M(z) and show that under inversion it introduces the same error integral as R(z).
Lemma 4.4. We have
Proof. The first claim follows directly since η(24τ ) is translationsinvariant. Moreover
dτ.
Making the change of variables τ → − 1 τ and using the transformation law of the η-function, gives (N (z)) = 0.
Proof of Theorem 1.2
Here we use the circle method and prove Theorem 1.2. First we estimate I k,ν (z) and certain Kloosterman sums.
Lemma 5.1. Assume that n ∈ N, ν ∈ Z, and z :
, where
are adjacent Farey fractions in the Farey sequence of order N , with N := ⌊n
where for x ∈ R we let {x} := x − ⌊x⌋.
Proof. We proceed similarly as in [1] and [8] . We write πz k = Ce iA . Then |A| < Moreover the integrand only has poles in points ir with r ∈ R \ {0}. Shifting the path of integration to the real line gives
We have
Making the change of variables t ′ = 3kRe( 1 z ) π t and using that Re
gives the claim of the lemma.
We next give estimates for certain sums of Kloosterman type [1, 8] .
Proof of Theorem 1.2. Using Lemma 5.1, Lemma 5.2, and Corollary 3.2, we now prove Theorem 1.2 using the Hardy-Ramanujan method. By Cauchy's Theorem we have for n > 0
where C is an arbitrary path inside the unit circle surrounding 0 counterclockwise. Choosing for C the circle with radius e − 2π n and as a parametrization q = e − 2π n +2πit with 0 ≤ t ≤ 1, gives
,
are adjacent Farey fractions in the Farey sequence of order N := n 1/2 . From the theory of Farey fractions it is known that
We decompose the path of integration in paths along the Farey arcs
where z := k n − kΦi. Corollary 3.2 gives
and we denote the two summands by 1 and 2 . We first treat 1 and start with the contribution coming from 1 24z 2 (q 1 ; q 1 ) ∞ =:
We consider the constant term and the term arising from r ≥ 1 separately since they contribute to the main term and to the error term, respectively. We denote the associated sums by S 1 and S 2 , respectively and first estimate S 2 . Throughout we need the easily verified facts that Re(z) = k n , Re
and we denote the associated sums by S 21 , S 22 , and S 23 , respectively. We first consider S 21 . Lemma 5.2 gives
Since S 22 and S 23 are estimated similarly we only consider S 22 . Writing
It follows from the theory of Farey fractions that
Thus (5.4) can be estimated similarly as S 21 using Lemma 5.2.
In the same way we decompose the terms in − 3k 4πz(q 1 ;q 1 )∞ , 1 24(q 1 ;q 1 )∞ , and
z . One can show that the term with a positive exponent in the Fourier expansions also introduces an error of O n 1+ǫ . Thus
We next write the path of integration in a symmetrized way
and denote the associated sums by S 11 , S 12 , and S 13 , respectively. The sums S 12 and S 13 contribute to the error term. Since they have a similar shape, we only consider S 12 . We again only estimate the error arising from the second summand since it can be shown the other terms lead to an error of at most that size. Writing 
We denote the circle through 
Making the substitution t = , where γ ∈ R and α := 
+ǫ .
Plugging this into (5.6) gives
We next consider 2 . Using Lemmas 5.1 and 5.2, we obtain
Combining the estimates for 1 and 2 gives Theorem 1.2. Corollary 1.3 can be concluded using that for x → ∞
6. Proof of Theorem 1.4
Here we prove Theorem 1.4. First we need to know on which arithmetic progressions the nonholomorphic part of M(z) is supported. Similarly as in [12] one can show.
Lemma 6.1. We have
where Γ(α; x) := ∞ x e −t t α−1 dt is the incomplete Gamma-function. We next recall results from [12] . For this let 0 < a < c and define
where ℓ c := lcm(2c 2 , 24), ζ c := e Next we observe, using orthogonality of roots of unity, that
Now fix a prime p > 3, and let S p := n ∈ Z;
. From [12] , one can conclude that the restriction of D js t ; z (s ∈ {1, 2}) to those coefficients lying in S p is a weakly holomorphic modular form of weight 1 2 on Γ 1 (6f 2 t ℓ t p 4 ). In a similar way we see that the restriction of M 24ℓ t p 4 ) . Moreover by work of Serre it is known that E 2 (z) is a p-adic modular form, e.g. we have
From this one can conclude that the restriction of
η(ℓtz) to S p is congruent to a weakly holomorphic modular form on Γ 1 (24ℓ t p 4 ) modulo Q j . Now the result can be concluded as in [12] .
7.
A transformation law for R o 2 (q) Throughout we assume the notation of Section 3. Define for w ∈ C with Re(w) sufficiently small
and for a function g that is differentiable in a neighborhood of 0, let
We show a transformation law for R o (q; w) and then conclude a transformation law for R o (q) by applying L o . This transformation law turns out to be more complicated than the transformation law for R(q; w). We distinguish the cases k odd and k even. Let
Theorem 7.1. Assume that k is odd and that 4|h ′ . Then we have
Proof. We proceed as in the proof of Theorem 3.1. Via analytic continuation it is enough to show the claim for w ∈ C with Re(w) = 0 sufficiently small and z > 0 real. Define
We write n = ν + km with ν running modulo k and m ∈ Z. This gives that
Applying Poisson summation to the inner sum and making the change of variables x → ν + kx gives that the inner sum equals
In (7.2), we change for n ≤ −1, n → −n − 1, x → −x, and ν → −ν. This gives
Making the change of variables x → 2x ± 1 and ν → k+1 2 (ν ∓ 1), a lengthy calculation gives
We use the residue theorem to shift the path of integration through
Using again the function S ± w defined in (3.3), one sees that poles of the integrand can only come from poles of sinh(πzx ∓ πikw), thus lie in
Moreover for fixed m, there is at most for one ν modulo k a non-trivial residue and this ν can be chosen as
If we now shift the path of integration through ω n , we have to take those x ± m into account for which n ≥ 3m > 0 and for the +-sign additionally x 1 2k
We first consider 1 . Since h ′ is even, we have
.
From this we see that
A lengthy calculation calculation gives that this equals −e 2πiw+ 3πkw 2 2z
We next turn to 2 . As before we can see that
Substituting x → x + ωn 2 and writing n = 3p + δ with p ∈ Z and δ ∈ {0, ±1} gives
We next change ν into 
Now the integral is independent of p. Moreover for δ = 1 the sum over p vanishes since the pth and the −(p + 1)th term cancel. For
Using that
now gives the claim of the theorem.
We next consider the case that k is even. Define
Theorem 7.2. Assume that k is even and hh ′ ≡ −1 (mod 4k). Then we have
Proof. Via analytic continuation, we may assume that w ∈ C with Re(w) = 0 sufficiently small and z > 0 is real. We use the notation from above and write in (7.1) n = ν + k 2 m, with ν running modulo k 2 and m ∈ Z. This gives that
We apply Poisson summation on the inner sum and get, changing x into 2ν + kx,
In the part of the sum on n with n < 0, we make the change of variables n → −n − 1, x → −x, ν → −ν, and then x → x ± 1 to get
We next shift the path of integration though
Using the function S ± w (x) defined in (3.3), we see that poles of the integrand can only lie in points
Moreover we see that a non-trivial residue can only occur if m is odd, and for fixed odd m, there is at most for one ν modulo k/2 a nontrivial residue. This can be chosen as
Shifting the path of integration through ω n , we have to take those x ± m into account with m > 0, m odd, and n ≥ 3m±1 2 . Denoting by λ ± n,m the residue of each summand, we get
From this one sees that λ
A lengthy calculation gives
In the sum for the −-sign we change m → −m to obtain a sum over all m ∈ Z. Then changing m → 2m + 1 gives
We next consider 2 . In the same way as before we see that
Changing ν → +ǫ .
(ii) We only show (8.2), since (8.3) can be proven similarly. We first observe that (8.2) is well-defined since changing h → h + k implies that h ′ → h ′ + rk with r ≡ k + 1 (mod 4). We then change the sum into a sum (mod 4k). This gives 1 4 h (mod 4k) * ω h, We denote the occurring sums by 1 , 2 , 3 , and 4 . As in the proof of Theorem 1.2 we obtain, using Lemma 8.2, 
